Let k be a field and {Xx}xe a a family of indeterminates over k. We show that if A is a ring of Knill dimension d such that k c A c. k[{Ax}xe^] then there are elements Yt,''■' •, Y* which are algebraically independent over k and a fc-isomorphism <f> such that k c. (f>(A) c k[Ylt-■ ■ , Yd]
Introduction.
In [EZ] Evyatar and Zaks ask whether a Dedekind domain which is caught between a field k and the polynomials in a finite number of variables over k is necessarily a polynomial ring. Here we show that the answer is affirmative with no restriction on the number of variables and without assuming the ring satisfies all three of the Noether axioms on a Dedekind domain (it need only be one dimensional and integrally closed). In addition we give some general results which relate subrings of the polynomials over a field to noetherian rings.
The author is indebted to W. J. Heinzer for the benefit of many stimulating conversations on this subject and to Kenneth Kubota for a suggestion which simplified the proof of Lemma B.
1. In all that follows, a ring will always be assumed to be commutative and to possess a multiplicative identity 1 =>* 0. By dimension A we always refer to the Krull dimension of the ring A.
Lemma A (Reduction to the case of a finite number of variables). Let D be an integral domain and {Xx}aeA a family of indeterminates over D.
Let A be a ring such that
(2) A satisfies the d.c.c. on prime ideals. which is an isomorphism on A. Ifk is an infinite field then by a linear change of variables one can find a choice of Xu • • • , Xn such that the kernel of <j> is the ideal (Xd+1, • • • , Xn).
Proof.
That dimension A £j n is well known: It is simply a consequence of the fact that every valuation overring of A must extend to a /V-valuation of k(X1, • ■ • , Xn), and must consequently be of rank 5j n [ZS, p. 10, Corollary 1]. The assertion of the lemma will follow when we prove the following:
If k 5j A 5j k[Xu • • • , Xn] and A is of dimension d < n, then there exists an element/e k[Xx, • • • , Xn] such that: (a) for some i,f -X{ -h(Xx, ■ ■ ■ , Xn) and h is independent of Xt, (b) (f)k[Xu ■ ■ ■ , Xn] n A = 0, and (c) if k is infinite then/can be taken to be a linear combination of the Xt. The proof is by induction on n. The case n = 1 is obvious. Let P be a prime ideal of A which is minimal with respect to the following property: 
and in case k is infinite, t can be taken to be linear. Let g = X"_x -t{Xx, • • • , A'^), then we have (/, g) n A = P. Now for each positive integer ß set lß = / -(g/ (if /V is infinite set lk= j' -Xg for each X e k). Then l( has the form Xn -rf(Ar1, • • • , A^^.j) (in the infinite case lx has the desired form). Now since (lß) O A 5j P and each is prime we must have (lß) n A = P by the minimality of P. But if P ^ 0 let a ^ 0 £ P.
Then a has infinitely many prime divisors of form lß, which is a contradiction. Thus P = 0 and the lemma now follows easily.
Lemma C. If k is a field and X is an indeterminate over k then if A is any ring such that k < A < k[X], A is an affine ring over k whose integral closure is of the form k [d] .
Proof.
It is known that any normal ring A which is between k and k[X] is of the form k for some 0.
By Lemma A we reduce to the case of a finite number of indeterminates and by Lemma B we take this finite number to be one. The result then follows from Lemma C.
As a corollary to Lemmas A and B we have the following: Theorem 4. Let k be a field and {Xx}xeA a family of indeterminates over k. If A is a two-dimensional Krull ring such that k < A < ^{A^}^] then A is noetherian.
As before we reduce to the case of two variables X and Y which are then algebraic over A. Choose/andg £ A such that A^and Tare algebraic over k [f, g] . If necessary we can add a finite number of elements 6U ■ ■ ■ , dk such that k[f, g,6i,-->, 0J 5j A, and k[f, g,6u--', 0J
has the same quotient field as A. But A is a Krull overring of a twodimensional noetherian domain and hence A is noetherian by a theorem of Heinzer [H] .1
There is a much stronger version of Theorem 4 which uses a powerful theorem of Nagata. Since Theorem 4 can be done using considerably more elementary techniques, we have stated it separately.
Theorem 5. Let k be a field and {Xx}xeA a family of indeterminates over k. Suppose A is a two-dimensional ring such that k £ A £ k [{Xa}aeA] . Then A is Krull if and only if A is integrally closed and noetherian. Moreover A is a normal affine ring over k if and only if the residue field of every essential valuation of A is transcendental over k.
The first equivalence is just Theorem 4. It is well known that an integrally closed noetherian domain is Krull [N, (33.4), p. 116] . Moreover if A is a normal affine ring of dimension two over a field k, then the residue field of every essential valuation of A is transcendental over k [ZS, p. 92 ]. Thus we need only show that, with our hypothesis on the residue fields, A is an affine ring. We proceed exactly as in Theorem 4, reducing two variables and finding a two-dimensional normal affine ring B such that B 
